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s ! ■ Abstract. We prove an analogue of Baxter's inequality for fractional Brownian motion- 

(— i ' type processes with Hurst index less than 1/2. This inequality is concerned with the 

i norm estimate of the difference between finite- and infinite-past predictor coefficients. 



1. Introduction 



To explain Baxter's inequality in the classical setup, we consider a centered, weakly 
stationary process (X^ : k G Z), and write <pj and for the infinite- and finite-past 
' predictor coefficients, respectively: 



EOO r — 71. 
j=1 <t>i X -h P[-n,-X\ X Q = / , ,_ x <f>j,nX-j, (1-1) 



where P^-^^i^Xo and _!]Xo denote the linear least-squares predictors of Xq based on 
the observed values {X-j : j = 1,2,...} and {X~j : j = 1, . . . , n}, respectively. There are 
many models in which 4>j !n ' s are difficult to compute exactly while the computation of <f>j's 
are relatively easy. In fact, this is usually so for the models with explicit spectral density. It 
iy-j | is known that limn—,,^ qbj n — <f> n (see, e.g., Pourahmadi, 2001, Theorem 7.14). Therefore, it 

■ would be natural to approximate P[_„ ! _ 1 ]X replacing the finite-past predictor coefficients 

(f>j n by the infinite counterparts 4>j. Then the error can be estimated by 



P\-n-l]X - > _ , <pjX- 



where \\Z\\ :— ElZ 2 ] 1 / 2 . The question thus arises of estimating the right-hand side of (jl.2[) . 
Baxter (1962) showed that for short memory processes, there exists a positive constant M 
' such that 

$ 1 V , '•',„ MV \4> k \ for all n = 1,2,.... 

This Baxter's inequality was extended to long memory processes by Inoue and Kasahara 
(2006). See also Berk (1974), Cheng and Pourahmadi (1993) and Pourahmadi (2001, Section 
7.6.2). 

In Inoue and Anh (2007), prediction formulas similar to (jl.ip were proved for a class 
of continuous-time, centered, stationary- increment, Gaussian processes (X(t) : t £ R) that 
includes fractional Brownian motion (Bn{t) : t G R) with Hurst index H £ (0, 1/2) (see 
Section 3 for the definition). For 

- oo < < < < h < t 2 < oo, h<ti, T:=t 2 -t 1 , t:=tx-t Q , (1.3) 
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the prediction formulas take the following forms: 



pOC pt 

P { -oom] x &) = / ^{s;T)X{h - s)ds, P [taM] X{t 2 ) = / ^{s-T^Xih - s)ds, 
Jo Jo 

(1.4) 

where P^oo.t^^ih) and P[ totl ] JT(i 2 ) are the linear least-squares predictors of X(i 2 ) based 
on the infinite past {X(s) : — oo < s < ti} and finite past {X(s) : to < s < ti}, respectively. 

The aim of this paper is to prove an analogue of Baxter's inequality for (X(t)). Since 
||X(s)|| depends on s, a straightforward analogue of (|1.2|) is not available. Instead, we have 



P [t0 . tl] X{t 2 ) - ( ^(s;T)X(t 1 -s)ds 
Jo 



< 



T, t) - ^(a; T)}||X(*i - a)||ds. 



Here ip(s;T,t) > i/j( s iT) > (see Section 3 below). We show that there is a positive 
constant M such that 

ft poo 

{ip(s;T,t)-ilj(s;T)}\\X(ti-s)\\ds < M J ip(s;T)\\X(ti - s)\\ds for alU > t u (B) 

which we call Baxter's inequality for (X(t)). To the best of our knowledge, this type 
of inequality has not been demonstrated before. The key ingredient in the proof is the 
representation of the difference ?/>(s;T, t) — i(j(s;T) f (|3.2p with Proposition 13.21 below) . In 
fact, we prove a general result that includes (B) (Theorem 14.21 (b)). 

2. Fractional Brownian motion 

Throughout the paper, we assume < H < 1/2. We can define the fractional Brownian 
motion (B>h (t) : t £ R) with Hurst index H by the moving-average representation 
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B H (t) 



r(h + H) J. 



{((* - S ) + ) H -? - ((-s) + ) H -?}dW( S ) (t G R), 



where (#)+ :— max(x, 0) and (W(t) : t G R) is the ordinary Brownian motion. In this 
section, we study the difference between the finite- and infinite-past predictor coefficients 
of (B H (t)). 

Let to,ti,t2,t and T be as in (|1.3[) . We define the infinite- and finite-past predictors 
-P(-oo,ti]-Sff(*2) and Pu 0ttl ]Bff(t2) of (Bait)), respectively, as we defined in Section 1 for 
(X(t)). The following prediction formulas, that is, (|1 .4[) for (Bjj(t)), were established by 
Yaglom (1955) and Nuzman and Poor (2000, Theorem 4.4), respectively (see also Anh and 
Inoue, 2004, Theorem 1): 

p OO pt 

P(-oo,ti]BH(t2) = / ipo(s;T)B H (ti -s)ds, P[ toM ]B H {t2) = I ipo(s;T,t)B H (ti- s)ds, 
Jo Jo 



where 



ip (s;T,t) 



cos(irH) 1 (T 



T 



(0 < s < oo), 



COs("7T_ff) 



T 



" n 't-s N ~ 11 



t + T 



a-H)Bt(H + Ll-2H)- 



t 



-H 



(0 < s < t), 



with B s (p 7 q) := J Q S u p 1 (1 — u) q 1 du being the incomplete beta function. 
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Throughout the paper, f(t) ~ g(t) as t — > oo means lim^oo f(t)/g(t) = 1. A positive 
measurable function /, defined on some neighbourhood [M, oo) of oo, is called regularly 
varying with index p 6 R, written / G R p , if for all A G (0, oo), lim^oo f(tX)/f(t) = X p . 
When p = 0, we say that the function is slowly varying. A generic slowly varying function 
is usually denoted by I. See Bingham et al. (1989) for details. The function \Bh(J,\ — s)\\ 
of s is in R H since \\B H (s)\\ = \s\ H \\B H (1) || for s G R. 

We will use the next lemma in Section 4. For < H < \ and p > — \ + H, we put 

C(ff,p) : =l-pfl(i- J ff + p,I-ff)i^||, 
where B(p, q) := J Q u p_1 (l — u) q ~ 1 du denotes the beta function. 

Lemma 2.1. Let g be locally bounded in [0, oo) and g G R p with p > — ^ + H . Then, for 
fixed T > 0, 

' {Ms;T,t)-Ms;T)}g(s)ds~ -tMt;T)g(t) (t-voo). 

2 +H-p 

Proof. If i is large enough, then g(<) > 0. For such t, we have, by simple computation, 
Wo(s;T,t) - ipo{s;T)}g(s)ds = / -— ds 



= [ 1 I(s;T,t) 9 -^±ds+ f Il( S ;T,t) 9 -^lds, 

Jo ait) Jo 9[t) 



where 

[ ' s+(T/t)[\l+(T/t)J 

II( S ; T, i) = (I - H)B jh [H + \,l- 2H)(t/T)i+ H {l + (T/t)} {s(l a)} - * - * 

Since B t/ ( t+T) {H + |,1 - 2i?) - (± + if) _1 (T/t)^ +H as i -> oo, we easily see that, for 
< s < 1, 

|I(s;T,t)| < const.xs^-^ |II(s;T,t)| < const. x {s(l-s)}~5- ff (f i ar ge enough). 

Put 5 = |(| - H + p) > 0. Then, for < s < 1, also we have 

|g(is)/ 5 (t)| < 2s p ~ 5 (t large enough) (2.1) 

(cf. Bingham et al., 1989, Theorem 1.5.2). Therefore, the dominated convergence theorem 
yields, as t — > oo, 



{\-H)B{\-H + p,\-H) 



ll(s;T,ty-^ds - ^ 7 V V „ r 2 (2-3) 

In (|2.2[) . we have used integration by parts. From (|2.2[) and (|2.3p . we obtain the lemma. □ 
Remark 2.2. From Lemma I2TT1 with <?(i) = — t)||, whence p = H, we see that 

/ {^,(a;T,t)-^(*;T)}||B H (ti -s)||ds~ - cos(^)C(ff, ff)T5+ ff ||B H (1)|| 

JO T 

(f -> oo). 



It is interesting that the order of decay here is t 1 I 2 , whence does not depend on H. 



3. Fractional Brownian motion-type processes 

In this and next sections, we consider the predictor coefficients for the fractional Brow- 
nian motion-type process {X(t) : t G R) in Inoue and Anh (2007). It is a stationary- 
increment Gaussian process defined by 

/oo 
{c(t-s)-c(-s)}dW(s), (t G R), 
-OO 

where the moving-average coefficient c is a function of the form 

c(t) = / e- ts v{ds) (t > 0), = (t < 0) 



with v being a Borel measure on (0, oo) satisfying J °°(l + s) 1 v{ds) < oo. We also assume 
lim c(t) = oo, c (t)=0(t q ) (i->0+) for some q > -1/2, 

c (*) rr 1 rt~^- H h(t) (t oo), 

w r(| + i?) w v ; 

where i?(-) is a slowly varying function and H G (0, 1/2). 

The process (X (t ) ) also has the autoregressive coefficient a defined by a (i ) : = —(da/dt)(t) 
for £ > 0, where a is the unique function on (0, oo) satisfying 



e lzt c(t)dtj e lzt a(t)dtj =1 (3z > 0). 

We know that a(t) — J* 00 e~~ ts sn(ds) for some Borel measure ^ on (0, oo) (see Inoue and 
Anh, 2007, Corollary 3.3). In particular, a is also positive and decreasing on (0, oo). By 
Inoue and Anh (2007, (3.12)), we have 

a(t) r ^ '- (t->oo). (3.1) 

w £{t) r(|-F) v ; v 7 

Example 3.1. If ^ is given by v(ds) = tt~ 1 cos(nH)s^^ +H ' > ds on (0,oo), then c(t) = 
£-(f- ff )/r(i + iJ) for t > 0, whence (X(i)) reduces to (B H (t)). In this case, a(t) = 

Hl+ ff )(i + if)/r(i-H). 

We refer to Inoue and Anh (2007, Example 2.6) for another example of (X(t)) which 
has two different indexes Hq and H describing its path properties and long-time behaviour, 
respectively. 

We put 



b(s, u) := / c(u — v)a(s + v)dv (s,u>0). 
Jo 

For k = 1, 2 . . . and s,t,T > 0, we define i; T) iteratively by 

poo 

h(s;T,t) :=b(a,T), b k (s;T,t) :=/ 6(s, u)bk-i(t + u; T, i)cfot (fc = 2,3,...). 



Note that 6/c's are positive because both c and a are so. By Inoue and Anh (2007, Theorems 
3.7 and 1.1), the infinite- and finite-past predictor coefficients ip(s; T) and ip(s; T, t) in (|1.4|1 
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are given, respectively, by 

tp(s;T) = b(s,T) = b 1 (s;T,t) (s > 0), 



tP(s; T,t) = J2 {hk-i{s; T, t) + b 2k (t - s; T, t)} (0 < s < t). 

k=l 

Notice that ip(s;T,t) here corresponds to h(t — s;T,t) in Inoue and Anh (2007). We have 

oo 

i;(s;T,t)-^(s;T) = J2{b2k{t-s;T,t) + b 2 k + i{s;T,t)} (0 < s < t), (3.2) 



fe=i 



which plays a key role in the proof of Baxter's inequality (B) in the next section. 
To prove Baxter's inequality (B), we need to discuss the following. Consider 



/?(<):= / c(v)a{t + v)dv (t > 0), 
Jo 

and define Sk{t, u, v) for k — 1, 2, 3, . . . and t,u,v > 0, iteratively by 

/>oo 

8\{t, u 1 v) := f3(t+u+v), Sk{t,u,v) := / (3(t+v+w)Sk-i{t,u,w)dw (fc = 2,3, ...). 



Jo 

Proposition 3.2. For s,t,T > and k > 2. 

j-T poo 

6fc(s;T, t)= / c(T — v)dv / a(s + u)Sk-i(t, u, v)du. 
Jo Jo 

This can be proved in the same as in Inoue and Kasahara (2006, Theorem 2.8); we omit 
the proof. 

Next, we give some results on the asymptotic behaviour of S^s. For k — 1,2,... and 
u > 0, we define fk(u) iteratively by 

h(u):=—±— v f k (u):= r fh -f}V'J ) dv (fc = 2,3,...). 

7T(1+U) J 7T(1+U) 

Proposition 3.3. (a) For r € (l,oo) 7 there exists N > such that < Sk(t,u,v) < 
/ fc (0){rcos(7ri7)} fc ^ 1 for u,v > 0, fc £ N, t > iV. 
(b) For k £ N and w, u > 0, <5fc(i, to, u) ~ t~ 1 fk(u) cos fe (7r£f) as t oo. 

This can be proved in the same as in Inoue and Kasahara (2006, Proposition 3.2); we 
omit the proof. 

4. Baxter's inequality 

In this section, we prove Baxter's inequality (B). Let (X(t)), ip(s; T) and tp(s; T, t) be as 
in Section 3. Since a is decreasing, we have a(T + t) J c(v)dv < tp(t; T) < a(t) J c(v)dv, 
so that (|3.1|) implies 



^(t; T) ~ o(t) ^ c(u)dw ~ • r V ( \ - ^ ^ c(v)dv (t - oo). (4.1) 

Here is the extension of Lemma I2TT1 to (X(t)). 

Lemma 4.1. Lemma \2.1\ with ipo(s;T,t) and ipo(s;T) replaced by ip(s;T,t) and ip(s;T), 
respectively, holds. 



Proof. For t large enough, using (|3.2p , we may write 



D(t) 



tiP(t;T)g(t) J 

1 b 2k {ts;T,t) g(t(l - s)) 



{iP(s;T,t)-ip(s;T)}g(s)ds 



1 ^(ts;T,t)-^(t S ;T)g(ts) 



E 



-Jo 4>(t;T) 



</>(*; T) 
1 b 2k+1 (ts;T,t) g(ts) 



9(t) 



ds 



and 



b k (ts;T,t) _ a{t) 



= a(t) 
iP(t;T) 



c(T — v)dv 



c(T — v)dv 



k -[Jo <P(t;T) g(t) 
a(ts + u) 



ds 



a(t) 
a(t(s + u)) 



<5 fc _i (*, u,v)du 
t5 k (t, tu, v)du. 



Put 5 — \ min{i — H, \ — H + p} > 0. By (|3.ip . we have a e R-(3/2)~h, an d 

a(t\)/a(t) < 2\~^~ H ~ 5 for < A < 1, < 2A~^ for A > 1 (Harge enough) 

(cf. Bingham et al., 1989, Theorems 1.5.2 and 1.5.6). Choose < r < 1/ cos(irH) so that 
x := r cos(7r&;) £ (0, 1). Then, by Proposition 13.31 (a), we have for < s < 1 and v > 0, 



(i 



a(i(s + u)) 



t5 k {t,tu,v)du < 2f k (0)x k 
< 2fk(0)x k 



du 



o 



(s + u)'- 



du 



ll-s (s + u) 2 

{t large enough). 



By Inoue and Kasahara (2006, Lemma 3.1), J^kLo fk(0)x k < oo. From these facts as well 
as (|2.ip , (|4.1| , Proposition 13.31 (b) and the dominated convergence theorem, we see that 
lim^oo D(t) = D, where 



k=l 



hk-\{u) 

o (s + u)i +H ' 



du Wl - s) p ds 



]Tcos 2fe (^) / / 
fc=l J o ^° 



f2k{u) 



(s + u)? +H 



du > s p ds. 



Since (Bu(t)) is a special case of (X(t)), this also holds for ipo(t; T) and ^o( s i T, t). There- 
fore, from Lemma l2.ll we conclude that D = C(H, p)/(^ + H — p). Thus the lemma 
follows. □ 

Following theorems are the conclusion of this paper. 

Theorem 4.2. Let g be locally bounded in [0, oo) and g £ R p with p £ (— | + H, ^ + H). 

(a) For fixed T > 0, we have 



Ws, T; t) - V>(s; T)}g(s)ds ~ C(H, p) J ^{s;T)g{s)ds (t -> oo). 
(b) There exists a positive constant M such that 

t poo 

{<iP(s, T; t) - V(«5 T)}g(s)ds < M J ^(s; T)g(s)ds (t > 1). 
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Proof. By (14. ip . the function ip(s;T)g(s) in s belongs to R p _3_ H . Since p < | + H, we 
have 

V>(s;T) 5 ( S )d S ~ 1 H(t-T)g{t) (t->oo). 

The assertion (a) follows from this and Lemma 4.1, while (b) from (a). □ 

Theorem 4.3. (a) Baxter's inequality (B) holds. 
(b) For fixed T > 0, we /iai>e, as t —> oo. 

Ms,T;t) - ip(s;T)}\\X(ti - s)\\ds ~ C(H,H) ^- g) ( / c(«)dwj ||Bjr(l)|| • t~». 

Proo/. By Inoue and Anh (2007, Lemma 2.7), - ||-Bjr(l)[| t H £(t) as i -> oo. So, (a) 

follows from Theorem |U(b) if we put g(s) := ||X(ti-s)|| = ||X(s-*i)||. Also, (b) follows 
from Lemma 14.11 and (|4.1[) . □ 
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